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1 Introduction
Let T be a multilinear operator initially deﬁned on them-fold product of Schwartz spaces
and taking values into the space of tempered distributions, i.e.,
T : S(Rn) × · · · × S(Rn) → S ′(Rn).
In [], it is said that a function K belongs to the classm-CZK(A, ε) if
() |K(y, y, . . . , ym)| ≤ A(∑mk,l= |yk–yl |)mn ,
() if |yj – y′j| ≤  max≤k≤m |yj – yk|,
∣∣K(y, . . . , yj, . . . , ym) –K
(
y, . . . , y′j, . . . , ym





k,l= |yk – yl|)mn+ε
for some ε >  and j = , ,  . . . ,m.
The operator T is said to be an m-linear Calderón-Zygmund operator if there exists a
function K ∈m-CZK(A, ε) deﬁned away from the diagonal y = y = y · · · = ym in (Rn)m+
such that
T(f, . . . , fm)(x) =
∫
(Rn)m
K(x, y, . . . , ym)f(y) · · · fm(ym) dy · · · dym (.)
for x /∈ ⋂mj= supp fj, and that T extends to a bounded multilinear operator from Lq ×· · ·×
Lqm to Lq for some ≤ qj <∞ with q = q + · · · + qm .
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It was shown in [] that if r + · · ·+ rm = r , then anm-linear Calderón-Zygmund operator
satisﬁes
T : Lr × · · · × Lrm → Lr
when  < rj <∞ for j = , . . . ,m and
T : Lr × · · · × Lrm → Lr,∞
when ≤ rj <∞ for j = , . . . ,m and at least one rj = . In particular,
T : L × · · · × L → L,∞.
The theory of multiple weight associated with m-linear Calderón-Zygmund operators
was developed by Lerner et al. []. Let  < pj < ∞ for j = , . . . ,m, p = p + · · · + pm and























j . They showed that if ω ∈ Ap then




If ≤ pj <∞ for j = , . . . ,m and at least one of the pj = , they also proved
∥




Let b = (b, . . . ,bm) be a vector-valued locally integrable function. If b = (b, . . . ,bm) in
(BMO)m, we denote ‖b‖(BMO)m = supj=,...,m ‖bj‖BMO (see []). The commutator generated
by anm-linear Calderón-Zygmund operator T and a (BMO)m function b is deﬁned by




where each term is the commutator of bj and T in the jth entry of T , that is,
Tjb(f ) = bjT(f, . . . , fj, . . . , fm) – T(f, . . . ,bjfj, . . . , fm).
Pérez and Torres [] proved that if b ∈ (BMO)m then
Tb : Lp × · · · × Lpm → Lp
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for  < pj < ∞ and  < p < ∞ with p = p + · · · + pm , where j = , . . . ,m. In [], the authors








for  < pj <∞ with p = p + · · · + pm , where j = , . . . ,m.
Feuto [] introduced the generalized weighted Morrey space (Lp(ω),Lq)α . Let  ≤ p ≤
α ≤ q ≤ ∞ and ω be a weight. The space (Lp(ω),Lq)α was deﬁned to be the set of all mea-
surable functions f satisfying ‖f ‖(Lp(ω),Lq)α <∞, where















When ω ≡ , the space (Lp,Lq)α was introduced in []. If p < α and q = ∞, the space
(Lp(ω),L∞)α is just the weighted Morrey space Lp,κ (ω) with κ =  – p/α deﬁned by Ko-
mori and Shirai [].












When p = , the space (L,∞(ω),Lq)α was introduced in [].
Feuto proved in [] that Calderón-Zygmund singular integral operators, Marcinkiewicz
operators, the maximal operators associated to Bochner-Riesz operators and their com-
mutators are bounded on (Lp(ω),Lq)α .
In this paper, we aim to study the boundedness of multilinear singular integral operators
on the product of generalizedMorrey spaces. Inspired by the above mentioned works, we
state our main results as follows.
Theorem . Let T be an m-linear Calderón-Zygmund operator, p = p + · · · + pm and
ω ∈ Ap.
() If  < pj <∞, j = , . . . ,m and p≤ α < q ≤ ∞, then




() If ≤ pj <∞, j = , . . . ,m and at least one of pj = , p≤ α < q ≤ ∞, then
∥
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Theorem . Let Tb be a multilinear commutator, b ∈ (BMO)m, p = p + · · · + pm with








Remark . When m = , Theorem . is just Theorem . in [] and Theorem . is just
Theorem . in [].
2 Notations and preliminaries
We ﬁrst recall the deﬁnition of Ap weight. A nonnegative locally integrable function ω















where p′ is the conjugate index of p, i.e., /p + /p′ = . We say that ω ∈ A if there is a





ω(x) dx≤ C inf
x∈Bω(x)







for any measurable subset E of a ball B. Since the Ap classes are increasing with respect to
p, we use the following notationA∞ =
⋃
p>Ap.A BmeansA≤ CB, whereC is a positive
constant independent of the main parameters. For λ >  and a ball B ⊂ Rn, we write λB
for the ball with same center as B and radius λ times radius of B.
Now we give the deﬁnition of Ap condition.
Deﬁnition . ([]) Let  ≤ pj < ∞ for j = , . . . ,m, p = (p, . . . ,pm) and p = p + · · · + pm .































′ j is understood
as (infB ωj)–
Obviously, ifm = , Ap is the classical Ap class. Ap has the following characterization.
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Lemma . ([]) Let ω = (ω, . . . ,ωm). Then ω ∈ Ap if and only if
ω
–p′ j
j ∈ Amp′ j and v ω ∈ Amp,
where the condition ω–p
′ j
j ∈ Ampj ′ is understood as ω/mj ∈ A in the case pj = .
Lemma . ([]) Assume that ω = (ω, . . . ,ωm) satisﬁes Ap condition. Then there exists a
ﬁnite constant r >  such that ω ∈ Ap/r .
In order to prove the results for commutators, we need the following properties of BMO.




















For all nonnegative integers k, we obtain
|bk+B – bB| ≤ C(k + )‖b‖BMO, (.)
where ω(B) =
∫




B b(x) dx (see []).
3 Proof of themain results
Proof of Theorem . () Let B = B(y, r) be a ball of Rn, fi = fiχB + fiχ(B)c and denote fiχB
by f i and fiχ(B)c by f∞i (i = , . . . ,m), χE denotes the characteristic function of set E. For
x ∈ B(y, r), we have



















= I + II + III,
where α, . . . ,αm are not all equal to  or ∞ at the same time. We ﬁrst estimate III . Since






f(y) · · · fm(ym)
(
∑m







|f(y) · · · fm(ym)|
(
∑m







|f(y) · · · fm(ym)|
(
∑m
i= |x – yi|)mn
dy















































For II , we just consider this case: αi =∞ for i = , . . . , l and αj =  for j = l + , . . . ,m,
∣∣T
(











f(y) · · · fm(ym)
(
∑m









|f(y) · · · fm(ym)|
(
∑m































































‖f χk+B‖Lpi (ωi). (.)
Taking Lp(v ω) norm on the ball B(y, r) on both sides of (.), by (.), we get
















Wang and Liu Journal of Inequalities and Applications  (2017) 2017:48 Page 7 of 10
Multiplying both sides of (.) by v ω(B)/α–/q–/p, by Lemma . and (.), we obtain














p/p + · · · + pm/p = , we have
∥





















nkδ(/α–/q) <∞, we obtain the expected result




() For λ > , by (.) and (.), we get
λv ω
(

































Multiplying both sides of (.) by v ω(B)/α–/q–/p, we conclude as in the case (). 
Proof of Theorem . It suﬃces to prove Tjb. For B = B(y, r), x ∈ B








f α , . . . , f
αj




f α , . . . ,bjf
αj










f ∞ , . . . ,bjf ∞j , . . . , f ∞m
)
(x)
= I ′ + II ′ + III ′,
where α, . . . ,αm are not all equal to  or ∞ at the same time. We ﬁrst deal with III ′.
∣∣III ′
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i=,i=j |fi(yi)fj(yj)(bj(yj) – bk+B)|dy by the Hölder in-
























































































































f ∞ , . . . ,bjf∞j , . . . , f ∞l , f l+, . . . , f m
)
(x)








f ∞ , . . . , f ∞l , f l+, . . . ,bjf j , . . . , f m
)
(x).



























































































































‖f χk+B‖Lpi (ωi), (.)
so we have
∣∣Tjb(f )(x)
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‖fi‖(Lpi (ωi),Lqpi/p)αpi/p . 
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